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Diffraction Integral: 

 



 

• Assuming the aperture is made up of many points, then according to 

Huygen’s principle all the points act as secondary sources generating 

secondary spherical wavelets. 

• The resultant of all spherical waves will be seen at point ‘P’ on the 

screen. 

• 𝑇h𝑒 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑃 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 

• 𝑈(𝑥, 𝑦) ∝ ∬ 𝑈(𝜁, 𝜂) (
𝑒𝑗𝑘𝑟

𝑟
)𝑑𝜁𝑑𝜂

∞

−∞
 

• 𝑈(𝑥, 𝑦) = C∬ 𝑈(𝜁, 𝜂) (
𝑒𝑗𝑘𝑟

𝑟
)𝑑𝜁𝑑𝜂

∞

−∞
___________(∗) 

• 𝑊ℎ𝑒𝑟𝑒 𝐶 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒. 

• 𝑘 → 𝑤𝑎𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟,  𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 𝑘 =
2𝜋

𝜆
 

• Considering no aperture, the plane wave will travel with no change. 

𝑈(𝜁, 𝜂) = 1 

𝑈(𝑥, 𝑦) = C∬ 1.  (
𝑒𝑗𝑘𝑟

𝑟
)𝑑𝜁𝑑𝜂 = 𝑒𝑗𝑘𝑟

∞

−∞

__________________(1) 

𝑊ℎ𝑒𝑟𝑒 𝑒𝑗𝑘𝑟  𝑖𝑠 𝑎 𝑝𝑙𝑎𝑛𝑒 𝑤𝑎𝑣𝑒  

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑝𝑜𝑖𝑛𝑡 𝑂 𝑎𝑛𝑑 𝑃 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 : 

𝑟 = √(𝑥 − 𝜁)2 + (𝑦 − 𝜂)2 + 𝑧2 

𝑇𝑎𝑘𝑖𝑛𝑔 𝑧 𝑐𝑜𝑚𝑚𝑜𝑛 𝑎𝑛𝑑 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡 

𝑟 = 𝑧√1 + (
𝑥 − 𝜁

𝑧
)
2

+ (
𝑦 − 𝜂

𝑧
)
2

______________________(2) 



 

 

 

𝐴𝑠 𝑡ℎ𝑒 𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙,  𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 ∡ ,𝑚𝑎𝑑𝑒 𝑏𝑦 𝑟 𝑤𝑖𝑡ℎ 𝑃 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙, 

∴ 𝑟 ≈ 𝑧 

𝐸𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑓𝑜𝑟 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑤𝑎𝑣𝑒𝑠 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑒𝑗𝑘𝑟

𝑟
≅
𝑒𝑗𝑘𝑧

𝑧
exp {

𝑗𝑘

2
[(
𝑥 − 𝜁

𝑧
)
2

+ (
𝑦 − 𝜂

𝑧
)
2

]} 

𝑒𝑗𝑘𝑟

𝑟
≅
𝑒𝑗𝑘𝑧

𝑧
exp {

𝑗𝑘

2𝑧
[(𝑥 − 𝜁)2 + (𝑦 − 𝜂)2]} ___________(6) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 
𝑒𝑗𝑘𝑟

𝑟
 in (1) 𝑤𝑒 𝑔𝑒𝑡  

C
𝑒𝑗𝑘𝑧

𝑧
∬ 𝑒

𝑗𝑘
2𝑧

(𝑥−𝜁)2𝑒
𝑗𝑘
2𝑧

(𝑦−𝜂)2𝑑𝜁𝑑𝜂 = 𝑒𝑗𝑘𝑧
∞

−∞

____________(7) 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝐼1 

𝐼1 = ∫ 𝑒
𝑗𝑘
2𝑧

(𝑥−𝜁)2𝑑

∞

−∞

𝜁 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 (𝑥 − 𝜁) = 𝛾 

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑤. 𝑟. 𝑡 𝜁 

𝑑𝜁 = −𝑑𝛾 

𝐼1 = −∫ 𝑒
𝑗𝑘
2𝑧

𝛾2𝑑𝛾
∞

−∞

 

𝑆𝑜 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝛼 = −
𝑗𝑘

2𝑧
  , 𝛽 = 0 



= (−1)√
𝜋

−𝑗𝑘/2𝑧
𝑒0 

= −√
2𝜋𝑧

𝑘
√
1

−𝑗
 

You should know that 

∫ 𝑒−𝛼𝑥
2+𝛽𝑥

∞

−∞

 

= √
𝜋

𝛼
𝑒
𝛽2

4𝛼 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝐼2 

𝐼2 = ∫ 𝑒
𝑗𝑘
2𝑧

(𝑦−𝜂)2𝑑

∞

−∞

𝜂 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 

= −√
2𝜋𝑧

𝑘
√
1

−𝑗
 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝐼1𝑎𝑛𝑑 𝐼2 𝑖𝑛 (7) 𝑤𝑒 𝑔𝑒𝑡 

𝐶
𝑒𝑗𝑘𝑧

𝑧
(−√

2𝜋𝑧

𝑘
√
1

−𝑗
)

2

= 𝑒𝑗𝑘𝑧 

𝐶 (
2𝜋

−𝑘𝑗
) = 1,   𝑊ℎ𝑒𝑟𝑒 𝜆 =

2𝜋

𝑘
 

𝐶 (
𝜆

−𝑗
) = 1 ⇒ 𝐶 = −

𝑗

𝜆
=

1

𝑗𝜆
_____________(8) 

𝑆𝑜 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 (8)𝑖𝑛 (
∗): 

𝑈(𝑥, 𝑦) =
1

𝑗𝜆
∬ 𝑈(𝜁, 𝜂) (

𝑒𝑗𝑘𝑟

𝑟
)𝑑𝜁𝑑𝜂

∞

−∞

______________(9) 

 



  

𝑊𝑒 ℎ𝑎𝑑 𝑤𝑟𝑖𝑡𝑡𝑒𝑛  

𝑟 = 𝑧 +
(𝑥 − 𝜁)2

2𝑧
+
(𝑦 − 𝜂)2

2𝑧
 ____________(10) 

𝐵𝑒𝑓𝑜𝑟𝑒 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑤𝑒 ℎ𝑎𝑑 𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠  

𝑒𝑞.  𝑜𝑓 𝑠𝑝ℎ𝑒𝑟𝑒 𝑖𝑛 3𝐷. 

𝐷𝑟𝑜𝑝𝑝𝑖𝑛𝑔 ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑤𝑒 𝑔𝑒𝑡 (10) 

𝑇ℎ𝑖𝑠 𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑎𝑏𝑎𝑙𝑜𝑖𝑑 𝑖𝑛 3𝐷 𝑜𝑟 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑛 2𝐷. 

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑠 𝑎 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑤𝑎𝑣𝑒𝑓𝑟𝑜𝑛𝑡 𝑏𝑦 𝑎 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑜𝑖𝑑. 

  

 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑟 𝑖𝑛 𝑒𝑞.  (9) 𝑤𝑒 𝑔𝑒𝑡 

𝑈(x, y) =
1

j𝜆
∬ 𝑈(𝜁, 𝜂) (

𝑒𝑗𝑘𝑧

𝑧
)  𝑒

𝑗𝑘
2𝑧

[(𝑥−𝜁)2+(𝑦−𝜂)2]𝑑𝜁𝑑𝜂
∞

−∞

 

𝑈(x, y) =
𝑒𝑗𝑘𝑧

𝑧j𝜆
∬ 𝑈(𝜁, 𝜂) 𝑒

𝑗𝑘
2𝑧

[(𝑥−𝜁)2+(𝑦−𝜂)2]𝑑𝜁𝑑𝜂
∞

−∞

_______(9′) 

𝑒𝑞.  (9′) 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑐𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑟 𝑖𝑛 𝑒𝑞.  (9) 𝑤𝑒 𝑔𝑒𝑡 

𝑈(x, y) =
1

j𝜆
∬ 𝑈(𝜁, 𝜂) (

𝑒𝑗𝑘𝑧

𝑧
)  𝑒

𝑗𝑘
2𝑧

[(𝑥−𝜁)2+(𝑦−𝜂)2]𝑑𝜁𝑑𝜂
∞

−∞

 

𝑈(x, y) =
𝑒𝑗𝑘𝑧

𝑧j𝜆
∬ 𝑈(𝜁, 𝜂) 𝑒

𝑗𝑘
2𝑧

[(𝑥−𝜁)2+(𝑦−𝜂)2]𝑑𝜁𝑑𝜂
∞

−∞

_______(9′) 

𝑒𝑞.  (9′) 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑐𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

=> Diffraction Integral 



𝐶𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑓𝑖𝑛𝑎𝑙 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑝𝑎𝑡𝑡𝑒𝑟𝑛 𝑜𝑛 𝑠𝑐𝑟𝑒𝑒𝑛 𝑖𝑠: 

ℎ(𝑥, 𝑦) ∗ 𝑈 (𝜁, 𝜂)______________________(11) 

𝑊ℎ𝑒𝑟𝑒 𝑈 → 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑎𝑛𝑐𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒 given as eq.  (9) 

ℎ(𝑥, 𝑦) → 𝐹𝑟𝑒𝑠𝑛𝑒𝑙′𝑠 𝑖𝑚𝑝𝑢𝑙𝑠𝑒 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝐸𝑥𝑝𝑙𝑜𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 

ℱ{𝑔 ∗ 𝑓} = ℱ(𝑔). ℱ(𝑓) __________________(12) 

𝐹𝑖𝑛𝑎𝑙 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑝𝑎𝑡𝑡𝑒𝑟𝑛 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑐𝑟𝑒𝑒𝑛 :  ℱ(ℎ).ℱ(𝑈) 

𝐼𝑛 𝑡ℎ𝑒 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑚𝑎𝑑𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑠 𝑙𝑖𝑘𝑒 

|𝑥 − 𝜁| ≪ 𝑧,   |𝑦 − 𝜂|

≪ 𝑧 and considered 1st two terms of Binomial approximation  

𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑡𝑒𝑟𝑚 𝑎𝑠
𝑛(𝑛 − 1)𝑥2

2!
 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑝ℎ𝑎𝑠𝑒 𝑤𝑒 𝑑𝑟𝑜𝑝𝑝𝑒𝑑 𝑤ℎ𝑖𝑙𝑒 

 𝑟𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑤𝑎𝑣𝑒𝑓𝑟𝑜𝑛𝑡𝑠 𝑤𝑖𝑡ℎ 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐 𝑤𝑎𝑣𝑒𝑓𝑟𝑜𝑛𝑡𝑠. 

Fresnel Approximation 

𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑝ℎ𝑎𝑠𝑒 𝑐ℎ𝑎𝑛𝑔𝑒 𝑎𝑠  

𝑘𝑧−3 (
1

8
) [(𝑥 − 𝜁)2 + (𝑌 − 𝜂)2]2 < 1 𝑟𝑎𝑑_______________(13) 

𝑒𝑞.  (13) 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑝ℎ𝑎𝑠𝑒 𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑏𝑦 𝑑𝑟𝑜𝑝𝑝𝑖𝑛𝑔 𝑡ℎ𝑖𝑟𝑑 𝑡𝑒𝑟𝑚 𝑖𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛  

1 𝑟𝑎𝑑 

𝐹𝑜𝑟 𝑓𝑟𝑒𝑠𝑛𝑒𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑡𝑜 ℎ𝑜𝑙𝑑 𝑔𝑜𝑜𝑑 𝑒𝑞.  (13) 𝑠ℎ𝑜𝑢𝑙𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 

𝑖. 𝑒 𝑧 ≫ √
𝜋

4𝜆
[(𝑥 − 𝜁)2 + (𝑦 − 𝜂)2]2𝑚𝑎𝑥

3
   __________(𝑎)  

𝑆𝑜 𝑡ℎ𝑒 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦: 

𝑈(𝑥, 𝑦) =
𝑒𝑗𝑘𝑧

𝑧j𝜆
𝑒
𝑗𝑘
2𝑧

(𝑥2+𝑦2)∬ 𝑈(𝜁, 𝜂) 𝑒
𝑗𝑘
2𝑧

(𝜁2+𝜂2). 𝑒−
𝑗𝑘
𝑧
(𝑥𝜁+𝑦𝜂)𝑑𝜁𝑑𝜂

∞

−∞

_____(14) 

𝐸𝑞 (14)𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑜𝑓 𝐹𝑟𝑒𝑠𝑛𝑒𝑙 𝐼𝑚𝑝𝑢𝑙𝑠𝑒 

 𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑥 𝑈(𝜁, 𝜂) ⇒ 𝐹𝑟𝑒𝑠𝑛𝑒𝑙 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑎𝑡 𝑛𝑒𝑎𝑟 𝑓𝑖𝑒𝑙𝑑 𝑧  

𝐸𝑞.  (𝑎)𝑖𝑠 𝑡ℎ𝑒 𝐹𝑟𝑒𝑠𝑛𝑒𝑙 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛  

 



Fraunhoffer Approximation 

𝐼𝑓 𝑧 ≫
𝑘

2
(𝜁2 + 𝜂2)𝑚𝑎𝑥 ⇒ 𝐹𝑟𝑎𝑢𝑛ℎ𝑜𝑓𝑓𝑒𝑟 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑓𝑎𝑟 𝑓𝑖𝑒𝑙𝑑  

𝑒
𝑗𝑘
2𝑧

(𝜁2+𝜂2) ≈ 1_____________(15)   

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑒𝑞.  (15) 𝑖𝑛 𝑒𝑞.  (14)𝑤𝑒 𝑔𝑒𝑡 

𝑈(𝑥, 𝑦) =
𝑒𝑗𝑘𝑧

𝑧j𝜆
𝑒
𝑗𝑘
2𝑧

(𝑥2+𝑦2)∬ 𝑈(𝜁, 𝜂) 𝑒−
𝑗𝑘
𝑧
(𝑥𝜁+𝑦𝜂)𝑑𝜁𝑑𝜂

∞

−∞

______(15) 

𝐸𝑞 (15) 𝑖𝑠 𝑡ℎ𝑒 ℱ{𝑈(𝜁, 𝜂)} ⇒ 𝐹𝑟𝑎𝑢𝑛ℎ𝑜𝑓𝑓𝑒𝑟 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙  

 

Diagrammatic view of the diffraction regimes: 

 

 

 

 


