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Notes
Definition:
Least Common Multiple:

Let a, b € Z \{0}. The least common multiple of a and b is the positive integer m
satisfying

i. a|lmandb|m
i. Ifalcandb]|c, withc > 0thenm <c.
Notation:

Least common multiple of a and b is denoted by lcm(a, b).

Examples:

Iem(12,4) = 12,lcm(15,-5) = 15,lcm(—6,—8) = 24

> For positive integers a and b gcd(a, b) Iem(a, b) = ab.

Proof: Let d = gcd(a, b), then a = dr and b = ds for integers r and s.
Letm = %b, thenm = as = br.

Let ¢ be a positive integer that is a common multiple of a and b.



i.e., let c = au = bv for some integers u and v.
There exist integers x and y such that d = ax + by. Then

c cd clax+ by) c c

m ab ab (b) X+ (a) y=vxtuy
Therefore, m|c.
= m<c.

=m = lcm(a, b)

Hence, Icm(a, b) = %b = gcda(l; 5 OF lem(a, b) gcd(a, b) = ab.

» For any positive integers a and b, Icm(a, b) = ab if and only if gcd(a, b) = 1.
Proof: By above theorem, [cm(a, b) gcd(a, b) = ab.
If gcd(a, b) = 1if and only if Iem(a, b) = ab

Properties:
1. If k>0, Ilem(ka,kb) = klcm(a, b)
Proof: gcd(ka, kb) = k gcd(a, b).
lcm(ka, kb) gcd(ka, kb) = k?*ab = k lcm(a, b) - k gcd(a, b)
= Icm(ka, kb) = k lcm(a, b).

2. If mis any common multiple of a and b, then lcm(a, b)|m.

Proof: Let k = lcm(a, b). By division algorithm, m = gk +r,0 < r < k.
i.e., v =m — qk.

Both a and b divide m and k implies a and b divide r.

Therefore, r is a common multiple of a and b.

But0 <r<k =r=0.

Hence, m = gk or k|m.

3.gcd(a,b) = lcm(a,b) ifandonlyifa = £b



Proof: If a = +b then gcd(a, b) = |a| = lcm(a, b).
Conversely, suppose gcd(a, b) = lcm(a,b) = k
allem(a,b) = kand k = gcd(a,b) |a = k = *a
Similarly, k = +b.

Therefore, a = +b.



