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Notes 

Bessel Equation 

If 𝛼 is a constant, Re 𝛼 ≥ 0, the Bessel equation of order 𝛼 is the equation 

𝑥2𝑦" + 𝑥𝑦′ + (𝑥2 − 𝛼2)𝑦 = 0. 

This has the form  

𝑥2𝑦" + 𝑥𝑎(𝑥)𝑦′ + 𝑏(𝑥)𝑦 = 0, 

with  

𝑎(𝑥) = 1,          𝑏(𝑥) = 𝑥2 − 𝛼2 

Since 𝑎,  𝑏 are analytic at 𝑥 = 0, the Bessel equation has the origin as a regular singular point.  

The indicial polynomial 𝑞 is given by 

𝑞(𝑟) = 𝑟(𝑟 − 1) + 𝑟 − 𝛼2 = 𝑟2 − 𝛼2, 

Whose two roots 𝑟1,  𝑟2 are 

𝑟1 = 𝛼,           𝑟2 = −𝛼 

• Bessel Function of zero order of the first kind  
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• Bessel Function of zero order of the second kind  
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• Bessel Function of order 𝛼 of the first kind  
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• Bessel Function of order 𝑛 of the second kind  
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Generating Function for Bessel Function 𝑱𝒏(𝒙) 
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• when 𝑛 is a positive integer, 𝐽𝑛(𝑥) is the coefficient  of 𝑧𝑛 in the expression of 𝑒{
1

2
𝑥(𝑧−

1

𝑧
)} 

in ascending and descending power of 𝑧. 

• 𝐽𝑛 is the coefficient of 𝑧−𝑛 multiplied by (−1)𝑛 in the expansion of the above 

expression. 
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)} is called the Generating Function of Bessel Function 𝐽𝑛(𝑥) 

 
Proof: We have  
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Now the coefficient of 𝑧𝑛  in the product above is obtained by multiplying the coefficient of 

𝑧𝑛 , 𝑧𝑛+1 , 𝑧𝑛+2, ⋯ in the first bracket with the coefficient of 𝑧0 , 𝑧−1, 𝑧−2 , ⋯ in the second bracket 

respectively and thus 

                             Coefficient of 𝑧𝑛 =
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= 𝐽𝑛(𝑥) 

Similarly the coefficient of 𝑧−𝑛 in the product above is obtained by multiplying the coefficient of 

𝑧−𝑛, 𝑧−(𝑛+1), 𝑧−(𝑛+2), ⋯ in the second bracket with the coefficient of 𝑧0 , 𝑧1, 𝑧2 , ⋯ in the first bracket 

respectively and thus 
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= (−1)𝑛𝐽𝑛(𝑥) = 𝐽−𝑛(𝑥) 

Finally, the coefficient of 𝑧0 is obtained by multiplying the coefficient of 𝑧0 , 𝑧1 , 𝑧2, ⋯ in the first bracket 

with the coefficient of 𝑧0, 𝑧−1, 𝑧−2, ⋯ in the second bracket as  
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