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Notes

Bessel Equation
If a is a constant, Re a« = 0, the Bessel equation of order a is the equation

x2y"+xy' + (x%2 —a?)y = 0.
This has the form

x%y" + xa(x)y' + b(x)y =0,
with

alx) =1, b(x) = x? — a?
Since a, b are analytic at x = 0, the Bessel equation has the origin as a regular singular point.
The indicial polynomial q is given by

qr) =rr—-1D+r—a?=r%—-a?
Whose two roots 1y, 1, are
n=a, r=—a
* Bessel Function of zero order of the first kind
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Generating Function for Bessel Function /,(x)
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* when n is a positive integer, J,,(x) is the coefficient of z" in the expression of e{%x(z_%)}
in ascending and descending power of z.

* ], is the coefficient of z™™ multiplied by (—1)" in the expansion of the above
expression.

1 1
e{ix(z_z)} is called the Generating Function of Bessel Function J,, (x)

Proof: We have
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Now the coefficient of z™ in the product above is obtained by multiplying the coefficient of
Zz", z™1 Z"*2 ... in the first bracket with the coefficient of z°,z™1,z72, .-+ in the second bracket
respectively and thus
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Similarly the coefficient of z™" in the product above is obtained by muItipIying the coefficient of

Z—(n+1), Z—(n+2)

z " - in the second bracket with the coefficient of z°, z1, z2, --- in the first bracket

respectively and thus
. o (- x n (_1)n+1 x n+2 l(_1)n+2 x n+4 L
Coefficientof z7" = —— (2) + — (2) + (2)

( 1) ( ri') 2(n+11)! ( 1) 2! (n+2)!
_Tlxn _Tlxn+ _nxn+4
= @) i@ e @ -
N (CDTEDR e
B rt(n+r)! (E)

n (X\" C -D" x\ 2"
=D (E) Zor!f‘(n +r+1) (E)
= (_1)n]n(x) =J-n(x)

Finally, the coefficient of z° is obtained by multiplying the coefficient of z°, z%, z2, --- in the first bracket

with the coefficient of z°, 271,272, --- in the second bracket as
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Thus

e{%x(z ) = = Jo(x)z° +(z——>]1(x)+(z + )]2(X)+ +(Z + (-1 — )]n(x)
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