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Notes: 

Hyperbolic Functions 

Definition: 
The complex hyperbolic functions 𝑐𝑜𝑠ℎ, 𝑠𝑖𝑛ℎ: 𝒞 ⟶ 𝒞 are defined by  

         𝑆𝑖𝑛ℎ⁡𝑧 = 
𝑒𝑧−𝑒−𝑧

2
           𝐶𝑜𝑠ℎ⁡𝑧 = 

𝑒𝑧+𝑒−𝑧

2
 

Properties /Identities:  
1.𝑆𝑖𝑛ℎ,𝐶𝑜𝑠ℎ : 𝒞 ⟶ 𝒞  are entire functions and  

    (i) 
𝑑

𝑑𝑧
(Sinℎ 𝑧 ) = Cosh 𝑧 

     (ii) 
𝑑

𝑑𝑧
(Cosh 𝑧) = Sinh 𝑧 

2.The functions Sinh 𝑧 and Cosh 𝑧 are periodic with period 2𝜋𝑖 
3.   𝑆𝑖𝑛ℎ (−𝑧) =  − 𝑆𝑖𝑛ℎ (𝑧)  ;   
      𝐶𝑜𝑠ℎ (−𝑧) =  𝐶𝑜𝑠ℎ (𝑧)  
4. 𝑐𝑜𝑠ℎ2𝑧 - 𝑠𝑖𝑛ℎ2𝑧 = 1    ∀ 𝑧 ∈ 𝒞 

5.Relation between Hyperbolic and Trignometric functions 

               Cosh(𝑖𝑧) = Cos 𝑧    ;      𝑆𝑖𝑛ℎ(𝑖𝑧) =  𝑖𝑆𝑖𝑛 𝑧 

Cos(𝑖𝑧) = Cosh 𝑧   ;      𝑆𝑖𝑛(𝑖𝑧) =  𝑖𝑆𝑖𝑛ℎ 𝑧 

6. For complex numbers 𝑧1 and 𝑧2 

         Sinh (𝑧1+ 𝑧2) =  Sinh 𝑧1Cosh 𝑧2+ Cosh 𝑧1Sinh 𝑧2 

         Cosh (𝑧1+ 𝑧2) =  Cosh 𝑧1Cosh 𝑧2+ Sinh 𝑧1Sinh 𝑧2 

7.  𝑆𝑖𝑛ℎ 𝑧 =  𝑆𝑖𝑛ℎ 𝑥 𝐶𝑜𝑠𝑦 +  𝑖 𝐶𝑜𝑠ℎ𝑥 𝑆𝑖𝑛𝑦 

      𝐶𝑜𝑠ℎ 𝑧 =  𝐶𝑜𝑠ℎ 𝑥 𝐶𝑜𝑠𝑦 +  𝑖 𝑆𝑖𝑛ℎ 𝑥 𝑆𝑖𝑛𝑦 
     
8.               |𝑠𝑖𝑛ℎ𝑧|2 = 𝑠𝑖𝑛ℎ2𝑥  +𝑠𝑖𝑛2𝑦 



                       |𝑐𝑜𝑠ℎ𝑧|2 =𝑠𝑖𝑛ℎ2𝑥 + 𝑐𝑜𝑠2𝑦   
Zeros of Hyperbolic Functions 

9. The zeroes of 𝑆𝑖𝑛ℎ⁡𝑧 are purely imaginary 

           i.e. 𝑆𝑖𝑛ℎ⁡𝑧 =  0 ⇒ 𝑧 =  𝑛𝜋𝑖 
   
10. The zeroes of 𝐶𝑜𝑠ℎ⁡𝑧 are purely imaginary 

      𝐶𝑜𝑠ℎ⁡𝑧 =  0 ⇒ 𝑧 =  (2𝑛 + 1)
𝜋𝑖 

2
 

Other Hyperbolic Functions 

     𝑇𝑎𝑛ℎ 𝑧 = 
Sinh 𝑧

Cosh 𝑧
                        𝐶𝑜𝑡ℎ 𝑧 =  

Coth𝑧

Sinh 𝑧
       

    𝑆𝑒𝑐ℎ 𝑧 = 
1

cosh 𝑧
                         𝐶𝑜𝑠𝑒𝑐ℎ 𝑧 =  

1

sinh 𝑧
     

  
Singularities and Derivatives of 
 𝑻𝒂𝒏𝒉 𝒛, 𝑺𝒆𝒄𝒉 𝒛, 𝑪𝒐𝒕𝒉 𝒛,   𝑪𝒐𝒔𝒆𝒄𝒉 𝒛 

  
The singularities of 𝑇𝑎𝑛ℎ 𝑧 and 𝑆𝑒𝑐ℎ 𝑧 are the zeros of  

 𝐶𝑜𝑠ℎ 𝑧  i.e.   𝑧 =  (2𝑛 + 1)
𝜋𝑖 

2
  

Except at these points 𝑇𝑎𝑛ℎ 𝑧 and 𝑆𝑒𝑐ℎ 𝑧 are analytic everywhere and their 
derivatives are  
     

       
𝑑

𝑑𝑧
(Tanℎ 𝑧 ) =      𝑠𝑒𝑐ℎ2 𝑧    ; 

𝑑

𝑑𝑧
(Secℎ 𝑧 ) = Secℎ 𝑧 𝑇𝑎𝑛ℎ⁡𝑧 

Similarly, The singularities of 𝐶𝑜𝑡ℎ 𝑧 and 𝐶𝑜𝑠𝑒𝑐ℎ 𝑧 are the zeros of 𝑆𝑖𝑛ℎ 𝑧  i.e.   
𝑧 = 𝑛𝜋𝑖 
Except these points 𝐶𝑜𝑡ℎ 𝑧 and 𝐶𝑜𝑠𝑒𝑐ℎ 𝑧 are analytic everywhere and their 
derivatives are 

  

      
𝑑

𝑑𝑧
(Cotℎ 𝑧 ) =    −𝐶𝑜𝑠𝑒𝑐ℎ2 𝑧    ; 

     
𝑑

𝑑𝑧
(Cosecℎ 𝑧 ) = −𝐶𝑜𝑠𝑒𝑐ℎ 𝑧 𝐶𝑜𝑡ℎ 𝑧 

Periodiciy of 𝑻𝒂𝒏𝒉 𝒛   and 𝑪𝒐𝒕𝒉 𝒛 

 𝑇𝑎𝑛ℎ 𝑧 and 𝐶𝑜𝑡ℎ 𝑧  are periodic with period 𝜋𝑖 
since 𝑇𝑎𝑛ℎ (𝑧 + 𝜋𝑖) = 𝑇𝑎𝑛ℎ 𝑧  and  𝐶𝑜𝑡ℎ (𝑧 + 𝜋𝑖) = 𝐶𝑜𝑡ℎ 𝑧 

 


