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Hyperbolic Functions

Definition:
The complex hyperbolic functions cosh, sinh: C — C are defined by
Sinhz == Cosh z =22

Properties /Identities:
1.Sinh,Cosh : C — C are entire functions and
N d e
(i) E(Smhz ) =Cosh z
(ii) %(Cosh 7) = Sinh z
2.The functions Sinh z and Cosh z are periodic with period 2mi
3. Sinh(—z) = —Sinh(2) ;
Cosh (—z) = Cosh (2)
4. cosh?z-sinh?’z=1 Vz€C
5.Relation between Hyperbolic and Trignometric functions
Cosh(iz) = Cosz ; Sinh(iz) = iSinz
Cos(iz) = Coshz ; Sin(iz) = iSinhz
6. For complex numbers z; and z,
Sinh (z,+ z,) = Sinh z; Cosh z,+ Cosh z;Sinh z,
Cosh (z;+ z,) = Cosh z;Cosh z,+ Sinh z;Sinh z,
7. Sinhz = Sinhx Cosy + iCoshx Siny
Coshz = Coshx Cosy + iSinhx Siny

8. |sinhz|? = sinh?x +sin’y



|coshz|? =sinh?x + cos?y
Zeros of Hyperbolic Functions
9. The zeroes of Sinh z are purely imaginary
ie.Sinhz = 0 =22z = nmi

10. The zeroes of Cosh z are purely imaginary
Coshz =0 =2z= (2n+ 1)%

Other Hyperbolic Functions

Sinh z Cothz
Tanh z = Cothz= =
Coshz Sinh z
Sechz = Cosech z = —
coshz sinh z

Singularities and Derivatives of
Tanh z, Sech z, Coth z, Cosech z

The singularities of Tanh z and Sech z are the zeros of
Coshz ie. z= (2n+ 1)%

Except at these points Tanh z and Sech z are analytic everywhere and their
derivatives are

%(Tanhz )= sech?z ;%(Sechz )=Sechz Tanhz
Similarly, The singularities of Coth z and Cosech z are the zeros of Sinh z i.e.
Z =Nl
Except these points Coth z and Cosech z are analytic everywhere and their
derivatives are

4 - _ 2., .
dZ(Cothz)— Cosech” z ;

%(Cosech z)=—Cosechz Coth z

Periodiciy of Tanh z and Coth z
Tanh z and Coth z are periodic with period mi
since Tanh (z + wi) = Tanh z and Coth (z + i) = Coth z



