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Notes
Centralizer of a in G:

Let a be a fixed element of a group G. The centralizer of a in G, C(a), is the
set of all elements in G that commute with a.

In symbols,

C(a)={x€G|ax = xa}

Examples:

1. Centralizer of a € (U(n),-,), C(a) = U(n).
Foreverya€e U(n), a-,b=b-,a, V b e U(n)
Hence, C(a) = U(n).

2. Centralizerof I, € GL(n,R), C(I,)) = GL(n, R).
Al,=1.A YA€ GL(nR)
Hence, C(1,,) = GL(n, R).



3. Centralizer of i € Qgis {1, —1}.
Qg is @ Quaternion Group defined as follows

Qg = {£1,£i,&j, £k}

Here binary operation - is defined as
i=jt=k*=-1i-j=k==(-0),j - k=i=—(k-j)k-i=j=—(k),
l-x=1=x-1 Vx€Qg, —1l-x=—-x=x-—-1 Vx€Qg

Therefore, C(i) = {1,—1}and C(—1) = Qg

Properties:

» The centralizer of a in a group G is a subgroup of G.
Identitye € C(a) asea =ae, Va€ G= C(a) # Q.
letx,y € C(a) = xa=ax and ya = ay

= y lyay™t =y layy™
= ay =y la
= y~ 1€ C(a).
Consider,
(xy Da=x(y""a)
=x(ay™)
= (xa)y™
= (ax)y™"
=a(xy™)
Hence, xy~! € C(a).

Thus, by one step subgroup test, C(a) is a subgroup of G.

» If G is an abelian group then fora € G, C(a) = G.
C(a) €G.



Letx € G thenxy = yx V y € G (since G is abelian)
In particular, xa = ax

= x € C(a).

Therefore, G € C(a).

Hence, C(a) = G.

For a € G, C(a) need not be an abelian group.
Centralizer of I, € GL(n,R), C(I,) = GL(n, R) (as shown in example 4)
But GL(n, R) is not abelian.

Let G be a group then Z(G) = Ngee C(a) .
letx € NgecC(a) = x€C(@a)Va€eal
= xa=ax Va€eG
= x € Z(G)
= Ngec C(a) S Z(G)
Now,letx € Z(G) = xa=ax Va€G
= x€C(a), Va€EeG
= X € Ngee C(a)
= Z(G) S Ngeg C(a)
Hence, Z(G) = Ngeq C(a).



