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Notes 

Centralizer of 𝒂 in 𝑮:  

Let 𝑎 be a fixed element of a group 𝐺. The centralizer of 𝑎 in 𝐺,   𝐶(𝑎), is the 

set of all elements in 𝐺 that commute with 𝑎. 

 In symbols, 

𝐶(𝑎) = {𝑥 ∈ 𝐺 | 𝑎𝑥 = 𝑥𝑎} 

 

Examples:  

1. Centralizer of 𝑎 ∈ (𝑈(𝑛),⋅𝑛),   𝐶(𝑎) = 𝑈(𝑛). 

For every 𝑎 ∈ 𝑈(𝑛), 𝑎 ⋅𝑛 𝑏 = 𝑏 ⋅𝑛 𝑎,   ∀  𝑏 ∈ 𝑈(𝑛) 

Hence, 𝐶(𝑎) = 𝑈(𝑛). 

 

2. Centralizer of 𝐼𝑛 ∈ 𝐺𝐿(𝑛, ℝ),   𝐶(𝐼𝑛) = 𝐺𝐿(𝑛, ℝ).   

   𝐴𝐼𝑛 = 𝐼𝑛𝐴   ∀ 𝐴 ∈ 𝐺𝐿(𝑛, ℝ) 

Hence, 𝐶(𝐼𝑛) = 𝐺𝐿(𝑛, ℝ).   



 

3. Centralizer of 𝑖 ∈ ℚ8 is {1, −1}. 

ℚ8 is a Quaternion Group defined as follows  

ℚ8 = {±1, ±𝑖, ±𝑗, ±𝑘 } 

Here binary operation ⋅ is defined as  

 𝑖2 = 𝑗2 = 𝑘2 = −1, 𝑖 ⋅ 𝑗 = 𝑘 = −(𝑗 ⋅ 𝑖), 𝑗 ⋅ 𝑘 = 𝑖 = −(𝑘 ⋅ 𝑗), 𝑘 ⋅ 𝑖 = 𝑗 = −(𝑖 ⋅ 𝑘),  

       1 ⋅ 𝑥 = 1 = 𝑥 ⋅ 1    ∀ 𝑥 ∈ ℚ8 ,    − 1 ⋅ 𝑥 = −𝑥 = 𝑥 ⋅ −1     ∀ 𝑥 ∈ ℚ8 

Therefore, 𝐶(𝑖) = {1, −1} and 𝐶(−1) = ℚ8  

 

Properties: 

➢ The centralizer of 𝑎 in a group 𝐺 is a subgroup of 𝐺.  

Identity 𝑒 ∈ 𝐶(𝑎) as 𝑒𝑎 = 𝑎𝑒,    ∀ 𝑎 ∈ 𝐺 ⟹ 𝐶(𝑎) ≠ ∅.  

Let 𝑥, 𝑦 ∈ 𝐶(𝑎)   ⟹    𝑥𝑎 = 𝑎𝑥   and  𝑦𝑎 = 𝑎𝑦     

⟹  𝑦−1𝑦𝑎𝑦−1 = 𝑦−1𝑎𝑦𝑦−1 

⟹  𝑎𝑦−1 = 𝑦−1𝑎   

⟹  𝑦−1 ∈ 𝐶(𝑎). 

Consider, 

 (𝑥𝑦−1)𝑎 = 𝑥(𝑦−1𝑎) 

= 𝑥(𝑎𝑦−1) 

= (𝑥𝑎)𝑦−1 

= (𝑎𝑥)𝑦−1 

= 𝑎(𝑥𝑦−1)  

Hence, 𝑥𝑦−1 ∈ 𝐶(𝑎). 

Thus, by one step subgroup test, 𝐶(𝑎) is a subgroup of 𝐺. 

 

➢ If 𝐺 is an abelian group then for 𝑎 ∈ 𝐺, 𝐶(𝑎) = 𝐺.   

𝐶(𝑎) ⊆ 𝐺.  



Let 𝑥 ∈ 𝐺 then 𝑥𝑦 = 𝑦𝑥  ∀ 𝑦 ∈ 𝐺 (since 𝐺 is abelian) 

In particular, 𝑥𝑎 = 𝑎𝑥 

⟹   𝑥 ∈ 𝐶(𝑎). 

Therefore, 𝐺 ⊆ 𝐶(𝑎). 

Hence, 𝐶(𝑎) = 𝐺. 

 

➢ For 𝑎 ∈ 𝐺, 𝐶(𝑎) need not be an abelian group.  

Centralizer of 𝐼𝑛 ∈ 𝐺𝐿(𝑛, ℝ),   𝐶(𝐼𝑛) = 𝐺𝐿(𝑛, ℝ) (as shown in example 4) 

But 𝐺𝐿(𝑛, ℝ) is not abelian. 

 

➢ Let 𝐺 be a group then  𝑍(𝐺) = ⋂ 𝐶(𝑎)𝑎∈𝐺  . 

Let 𝑥 ∈ ⋂ 𝐶(𝑎)𝑎∈𝐺   ⟹   𝑥 ∈ 𝐶(𝑎) ∀ 𝑎 ∈ 𝐺 

   ⟹   𝑥𝑎 = 𝑎𝑥   ∀ 𝑎 ∈ 𝐺 

   ⟹    𝑥 ∈ 𝑍(𝐺) 

   ⟹  ⋂ 𝐶(𝑎)𝑎∈𝐺 ⊆ 𝑍(𝐺) 

Now, let 𝑥 ∈ 𝑍(𝐺)   ⟹   𝑥𝑎 = 𝑎𝑥   ∀ 𝑎 ∈ 𝐺 

   ⟹  𝑥 ∈ 𝐶(𝑎), ∀  𝑎 ∈ 𝐺 

   ⟹  𝑥 ∈ ⋂ 𝐶(𝑎)𝑎∈𝐺  

   ⟹  𝑍(𝐺) ⊆ ⋂ 𝐶(𝑎)𝑎∈𝐺  

Hence, 𝑍(𝐺) = ⋂ 𝐶(𝑎)𝑎∈𝐺 .   


